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1. At the end of this note there are references for emergent algebras. Also, here is the link
to a presentation which contains (links to) references to emergent algebras:

https://mbuliga.github.io/novo/presentation.html

2. In all references I used consistently wrong the right quasigroup name, it should be left
quasigroup everywhere.

3. The origin of the problem comes from what I call an ”emergent algebra”. These algebras
come from sub-riemannian geometry [8], where they have the name ”dilation structure” or
”dilatation structure”, introduced in [10].

Consider the continuous group Γ = (0,+∞) with multiplication, with 0 as an invariant
filter, so we can write limits as a ∈ Γ converges to 0.

Definition 1. An emergent algebra over a set X is a family of idempotent left quasigroup
operations over X, indexed by the group Γ, which satisfy the following algebraic and topo-
logical axioms (R1), (R2), (act) and (em).

For a ∈ Γ let’s denote the left quasigroup operations indexed by ◦a and •a. Therefore
(X, ◦a, •a) is an idempotent left quasigroup:

(R1) x ◦a x = x

(R2) x ◦a (x •a y) = x •a (x ◦a y) = y

(act) algebraic axioms which relate the operations:

x ◦a (x ◦b y) = x ◦ab y
x ◦1 y = y
x ◦1/a y = x •a y

On X we define the following operations which we will use later:

- the approximate difference

∆x
a(y, z) = (x ◦a y) •a (x ◦a z)

- the approximate sum

1

https://mbuliga.github.io
https://mbuliga.github.io/novo/presentation.html


Σx
a(y, z) = x •a ((x ◦a y) ◦a z)

- the approximate inverse

invxay = (x ◦a y) •a x

Finally we have the topological axioms.

(em) X is an uniform space; as a converges to 0

(x, y) 7→ x ◦a y converges uniformly to (x, y) 7→ x
(x, y, z) 7→ ∆x

a(y, z) converges uniformly to a function (x, y, z) 7→ ∆x(y, z)
(x, y, z) 7→ Σx

a(y, z) converges uniformly to a function (x, y, z) 7→ Σx(y, z)

Topological axioms, graph rewrites and ”emergence”. The reason for topological
axioms is to allow passage to the limit in any order. Remark that axioms (R1), (R2), (act)
can be reformulated into graph rewrites on trivalent graphs with typed nodes and numbered
ports. This is the basis of the chemlambda project, as described in [5]. The axiom (em),
translated into graph rewrites, says that some patterns (corresponding to the graphs of the
approximate difference, sum and inverse) can be replaced with new nodes (for the limit op-
erations) in any order. From here ”emerge” new algebraic identities, or equivalently new
graph rewrites, involving the new operations. The same effect can be obtained, but without
reference to uniform structures and limits, in the term rewriting formalism ”em” [6], which
is an enhancement of lambda calculus.

As I am not familiar with the usual names from the field of quasigroups, here are some
of my other notations.

Definition 2. An emergent algebra is linear if it is left distributive:

(R3) or (LIN) x ◦a (y ◦b z) = (x ◦a y) ◦b (x ◦a z)

An emergent algebra is co-linear if it is right distributive:

(COLIN) (x ◦a y) ◦b z = (x ◦b z) ◦a (y ◦b z)

An emergent algebra has the shuffle trick if it is medial:

(SHUFFLE) (x ◦a y) ◦b (u ◦a v) = (x ◦b u) ◦a (y ◦b v)

An important example of a linear emergent algebra comes from conical groups. We have
the following structure theorem.

Theorem 1. For an emergent algebra X, fix an element e ∈ X and define the operations:

(addition) (x, y) 7→ x · y = Σe(x, y)

(inverse) x 7→ x−1 = invex = ∆e(x, e)
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(scalar multiplication) (a, x) 7→ ax = e ◦a x

Then (X, ·) is a group with neutral element e and inverse −−1, which is conical, i.e. has
a scalar multiplication operation with the properties

a(bx) = (ab)x

a(x · y) = ax · ay

a(x−1) = (ax)−1

ae = e

x 7→ ax converges uniformly to x 7→ e, as a converges to 0.

Conversely, for any conical group X and for any a ∈ Γ define:

x ◦a y = x · a(x−1 · y)

With this operation X becomes a linear emergent algebra.

Curvature as deviation from linearity. For an emergent algebra, the following term
represents the deviation from linearity:

Lina,b(x, y, z) = y •b (x •a ((x ◦a y) ◦b (x ◦a z)))

Indeed, (LIN) is equivalent with Lina,b(x, y, z) = z. But in the realm of sub-riemanian
geometry, more precisely for a dilation structure, this term is related to curvature, as ex-
plained in [8], section 2.5 ”Curvdimension and curvature”. For an arbitrary element x ∈ X
and for c ∈ Γ define

Ra
b,c(x, u, v, w) = x •a Linb,c((x ◦a u, x ◦a v, x ◦a w)

We know then, by Theorem 1, that Ra
b,c(x, u, v, w) converges to w, as a converges to 0.

In particular, for a riemannian manifold X, there is an associated emergent algebra given
by

x ◦a expx(y) = expx(ay)

where exp is the geodesic exponential. For this emergent algebra, we recognize the construc-
tion called Schild’s ladder in the term

rax(v, w) = logx

(
Ra

1
2 ,

1
2
(x, x, expx(av), expx(aw))

)
The distance, measured in the tangent space at x, between w and rax(v, w) is controlled

by the absolute value of a2〈Rx(v, w)v, w〉, where Rx is the Riemann curvature tensor at x.

Commutative conical groups. Conical groups are therefore equivalent with linear emer-
gent algebras. When are they commutative? The following theorem is a sort of Bruck-
Murdoch-Toyoda theorem [1], [2], [3]. [The theorem is only announced here.]

Theorem 3. Let X be a conical group. The following are equivalent:

- X is commutative
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- The associated emergent algebra is medial, i.e. it satisfies (SHUFFLE)

- The associated emergent alegbra is right distributive, i.e. satisfies (COLIN).

Commutator as deviation from co-linearity. With the notations from Theorem 1, we
can measure the deviation from co-linearity with the term

COLina,b(x, y, z) = (x ◦a y) •b ((x ◦b z) ◦a (y ◦b z))

For conical groups, the computation of this term shows that it is related with the com-
mutator. One can prove that for conical groups (COLIN) is equivalent with (SHUFFLE).
Moreover, if we consider a topological group (X, ·) endowed with dilations, i.e. an emergent
algebra which is left invariant with respect to the group operation:

x · (y ◦a z) = (x · y) ◦a (x · z)

then we can prove that (COLIN) implies (LIN). Therefore we have to search elsewhere for
examples where (COLIN) exists without (LIN).

It is therefore natural to ask:

Problem. Are there emergent algebras which satisfy (COLIN) but not (LIN)?

Thanks to D. Stanovsky, who points to his survey article [4], section 3, where some
examples of non-medial but right-distributive quasigroups are given.
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